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We analyze the evolution of magnetization following any series
of radiofrequency pulses in strongly inhomogeneous fields, with
particular attention to diffusion and relaxation effects. When the
inhomogeneity of the static magnetic field approaches or exceeds
the strength of the RF field, the magnetization has contributions
from different coherence pathways. The diffusion or relaxation
induced decay of the signal amplitude is in general nonexponen-
tial, even if the sample has single relaxation times T1, T2 and a
single diffusion coefficient D. In addition, the shape of the echo
depends on diffusion and relaxation. It is possible to separate
contributions from different coherence pathways by phase cycling
of the RF pulses. The general analysis is tested on stray field
measurements using two different pulse sequences. We find excel-
lent agreement between measurements and calculations. The in-
version recovery sequence is used to study the relaxation effects.
We demonstrate two different approaches of data analysis to
extract the relaxation time T1. Finite pulse width effects on the
timing of the echo formation are also studied. Diffusion effects are
analyzed using the Carr–Purcell–Meiboom–Gill sequence. In a
stray field of a constant gradient g, we find that unrestricted
diffusion leads to nonexponential signal decay versus echo number
N, but within experimental error the diffusion attenuation is still
only a function of g2DtE

3N, where tE is the echo spacing. © 2001

cademic Press
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1. INTRODUCTION

Recently, several new NMR applications have been d
oped that operate in grossly inhomogeneous fields. In
field NMR (1), the static field is deliberately made very in

ogeneous to increase the sensitivity to diffusion (2, 3) and to
enable high-resolution profiling. In the application of “insi
out” NMR measurements, the sample is outside the appa
and large inhomogeneities are unavoidable. Such de
have been developed for well logging (4) and for material
testing (5).

In all these cases, the signal bandwidth is determined b
excitation bandwidth rather than the field inhomogeneitie
sample properties. All pulses act as slice selective pulse
off-resonance effects become important. In this paper
present a general analysis that is valid for any multip
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sequence in RF and static fields of arbitrary homogeneity
that fully treats diffusion and relaxation effects. The the
presented in Section 2 follows Kaiseret al.(6) and decompose
the signal into the contributions from different coherence p
ways. This treatment makes it easy to design phase cy
schemes that select particular pathways. General expre
are given to calculate the spectrum, relaxation, and diffu
decay for each pathway and for the total signal.

The theoretical approach is tested by analyzing two diffe
pulse sequences and comparing calculations with experim
results. In Section 4, the inversion recovery sequence is st
to focus on relaxation effects. In Section 5, the case o
Carr–Purcell–Meiboom–Gill (CPMG) sequence is analy
with special attention to diffusion effects.

Our theoretical treatment can be viewed as an extensi
earlier work by Sodickson and Cory (7). They formulated th
problem in terms that are most convenient for imaging a
cations with time varying gradient pulses. Benson and
Donald (8) analyzed the specific case of the spin echo
gradient field, but did not consider relaxation or diffus
effects. Goelman and Prammer (9) studied the CPMG s
quence in a strong gradient and have given expressions f
first three echoes. In a recent paper (10), we have obtaine
simple asymptotic expressions for the CPMG echoes in t
of the eigenvectors of the refocusing cycle. The treatm
included relaxation effects but not diffusion effects, excep
the first two echoes.

2. THEORY

2.1. General Spin Dynamics in the Absence of Diffusion
Relaxation

For the calculation of the spin dynamics in inhomogene
fields, we define two frequencies,Dv0 and v1. Dv0 is the
offset of the local Larmor frequency,guB0u, from the RF
frequencyvRF:

Dv0 ; guB0u 2 vRF. [1]
1090-7807/01 $35.00
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The second frequency,v1, measures the amplitude of the
pulse and is defined by

gB1c~t! 5 v1cos~vRFt 1 w!, [2]

whereB1c is the circularly polarized component of the RF fi
B1 that is perpendicular toB0. The nutation frequency durin

n RF pulse is given byV 5 =v1
2 1 Dv0

2.
We analyze the spin dynamics in the local rotating fr

that rotates aroundB0(r ) with frequencyvRF. The coordinat
system in this rotating frame is chosen at each pointr such tha
the ẑ axis is pointing along the localB0 field and thex̂ axis is

ointing along the local direction ofB1c whenw 5 0. We make
the usual transformation:

M11 ; Mx 1 iM y [3]

M21 ; Mx 2 iM y [4]

M0 ; Mz. [5]

With these variables, the evolution under free precessio
only diagonal elements:

SM11~t!
M21~t!
M0~t!

D 5 SeiDv0t 0 0
0 e2iDv0t 0
0 0 1

DSM11~0!
M21~0!
M0~0!

D . [6]

Radiofrequency pulses mix in general all the elements:

SM11~tp!
M21~tp!
M0~tp!

D 5 SL11,11 L11,21 L11,0

L21,11 L21,21 L21,0

L0,11 L0,21 L0,0

DSM11~0!
M21~0!
M0~0!

D . [7]

For RF pulses of phasew and durationt p, the matrix elemen
L l ,m for an arbitrary frequency offsetDv0 and RF field strengt
v1 are given by

L11,11 5
1

2 HSv1

V D 2

1 F1 1 SDv0

V D 2Gcos~Vtp!J
1 iSDv0

V Dsin~Vtp! [8]

L21,21 5
1

2 HSv1

V D 2

1 F1 1 SDv0

V D 2Gcos~Vtp!J
2 iSDv0

V Dsin~Vtp! [9]

L0,0 5 SDv0

V D 2

1 Sv1

V D 2

cos~Vtp! [10]

L11,0 5
v1

V HDv0

V
@1 2 cos~Vtp!# 2 i sin~Vtp!Je1iw

[11]
e

as

L21,0 5
v1

V HDv0

V
@1 2 cos~Vtp!# 1 i sin~Vtp!Je2iw

[12]

L0,11 5
1

2

v1

V HDv0

V
@1 2 cos~Vtp!# 2 i sin~Vtp!Je2iw

[13]

L0,21 5
1

2

v1

V HDv0

V
@1 2 cos~Vtp!# 1 i sin~Vtp!Je1iw

[14]

L11,21 5
1

2 Sv1

V D 2

@1 2 cos~Vtp!#e
1i2w [15]

L21,11 5
1

2 Sv1

V D 2

@1 2 cos~Vtp!#e
2i2w. [16]

Note thatL2l ,2m 5 L*1l ,1m. The matrix elements depend
the phase of the pulse,w, asL l ,m ; ei (l2m)w. This property is
used to separate the different coherence pathways by
cycling.

For the analysis of a sequence withN RF pulses, the evo
lution can be divided into different coherence pathways (11),
abeled byq1, q2, . . . , qN. Hereqk denotes the coherence a
the kth pulse and can be21, 0, or 11. The spectrum for
given coherence pathways is calculated by

Mq1,q2, . . . ,qN
5 ~P

k51

N

Lqk,qk21!exp$iDv0 O
k51

N

qktk%, [17]

hereq0 5 0 when the system is assumed to be initially
thermal equilibrium. Heret k is the time between thekth and
k 1 1th pulse andL qk ,qk21 are given by Eqs. [8] to [16] with th
pulse amplitude, duration, and phase of thekth pulse. The
magnetization following anN pulse sequence is the sum o
all possible coherence pathways:

M ~N! 5 O
q1, . . . ,qN21

FMq1, . . . ,qN21,0ẑ 1 Mq1, . . . ,qN21,11S x̂ 2 iŷ

2 D
1 Mq1, . . . ,qN21,21S x̂ 1 iŷ

2 DG . [18]

aking advantage of the fact thatM2q1 ,2q2 , . . . ,2qN 5
M*q1 ,q2 , . . . ,qN, this can be rewritten as
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369DIFFUSION AND RELAXATION IN STRAY FIELD NMR
M ~N! 5 O
q1, . . . ,qN21

@Re$Mq1, . . . ,qN21,11% x̂

1 Im$Mq1, . . . ,qN21,11% ŷ 1 Re$Mq1, . . . ,qN21,0% ẑ#.

[19]
2.2. Diffusion

When spins diffuse in an inhomogeneous field during
free precession intervals, the accumulated phase for a
coherence pathway is not just¥ k qkDv 0t k, but there is a
additional contribution from random phases,¥ k qkf k. During
each interval, the random phase,f k, depends on the pa
ntegral of the spin in the field inhomogeneity. The effec
iffusion on the spin dynamics can be described by inclu

n each coherence pathway a term of the form^exp{i ¥ k51
N

qkf k} &f1 , . . . ,fN in Eq. [17]. It is important to take into accou
the correlations between the random phases in the diff
intervals before taking the average. For unrestricted diffu
in a constant gradientg, the diffusion terms are purely re
Following the approach of Woessner (12), the result for a
general coherence pathway is given by

^exp$i O
k51

N

qkfk%&f1, . . . ,fN

5expH2g 2g2DF O
k51

N 1

3
qk

2t k
31O

k51

N

qktk O
l51

k

qlt lTl

1O
k51

N

qktk~tk1Tk! O
l5k11

N

qlt lGJ . [20]

HereD is the diffusion coefficient of the fluid andTk is the sum
of all the durations of free precession from the first instan
nonzero coherence is created up to the beginning of thkth
pulse.

Several smaller effects of diffusion have been neglecte
The gradient in the RF field strength,B1, is assumed to b
negligible. (ii) The effect of diffusion during the RF pulses
been ignored. (iii) Fluctuations in the nutation frequencyV are
ignored. These fluctuations are not important as long a
spins diffuse during the measurement a distance small
pared to the slice thickness,=DTexp ! v 1/gg. In our exper-
iments, this is always fulfilled.

If diffusion is restricted, the right-hand side of Eq. [20
modified. For a few coherence pathways, such as the
echoes and the stimulated echo, results for selected geom
can be found in (13), (14), and (15) and references therein.

.3. Relaxation

Relaxation attenuates each coherence pathway with a
onstantT1 during the periods withqk 5 0 and with a time

constantT2 when qk 5 61. This can be incorporated
e
en
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including a term exp{2 ¥ k51 ((qk /T2) 1 (1 2 qk)/T1)t k} for
each pathway. Relaxation and diffusion effects therefore m
ify the spectrum of a coherence pathway, Eq. [17], by

Mq1,q2, . . . ,qN
5 ~P

k51

N

Lqk,qk21!exp$iDv0 O
k51

N

qktk%

3 ^exp$i O
k51

N

qkfk%&

3expH2 O
k51

N Sqk
2

T2
1

1 2 qk
2

T1
D tkJ , [21]

whereq0 5 0.
WhenT1 relaxation is important, the total signal is not j

given by the sum of allN-pulse coherencesM (N) in Eq. [19].T1

relaxation gives rise to extraM 0 magnetization after the fre
precession intervals that is then refocused by the later p
For the evaluation of the total magnetization, in addition to
N-pulse coherences, allN 2 k-pulse coherences (k 5 1,

, . . . , N 2 1) describing the lastN 2 k pulses have to b
evaluated:

M 5 M ~N! 1 O
k51

N21

~1 2 exp$2tk/T1%!M
~N2k!

1 ~1 2 exp$2tN/T1%! ẑ. [22]

In the CPMG sequence discussed below, this complicati
avoided by using phase cycling of the first pulse.

3. EXPERIMENTAL TECHNIQUES

Measurements have been performed in the fringefield
Nalorac 2-T superconducting magnet with a horizontal bo
30 cm. The sample is placed on-axis 50 cm outside the ma
At this location, the field strength is 41.4 mT and the grad
is 132 mT/m. The RF coil consists of a 40-mm-diam
solenoid, tuned to the Larmor frequency of 1.764 MHz,
has a quality factorQ 5 13.4.

The sample container consists of a long Teflon rod tha
vertically in the RF coil. Within this rod, the 2-cm-long cyl
drical sample cell of 2 cm diameter is oriented horizont
along the gradient direction. The cell was filled with eit
NiCl doped water or tap water, and the relevant diffus
coefficient isD 5 2.3 3 1029 m2/s.

An Apollo Tecmag spectrometer was used for the p
generation and signal acquisition. The signal was acquired
a dwell time of 2ms and later digitally filtered with a lowpa
filter of bandwidth6100 kHz. This frequency interval includ
the whole range of possible offset frequencies in our samp
the gradient field,uDv0u/2p , 56 kHz. The RF pulse amplitud
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370 M. D. HÜRLIMANN
was adjusted to 235mT, resulting in pulse durationst 180 5
2t 90 5 50 ms. With these values, the normalized range
offset frequencies in our sample,Dv0/v1, is between65.6.
This is sufficiently large that the sample can be consider
be infinitely extended along the gradient direction. The b
width of the resonance circuit,vRF/Q 5 2p 3 132 kHz, is
sufficient to avoid amplitude distortions of the signal. T
dominant effect of the finite bandwidth is a small delay of
signal by 4Q/vRF 5 4.8ms. This delay is the sum of two term
the resonant circuit delays the RF pulses that the spins ob
by 2Q/vRF and then the voltage induced in the tuned co
delayed by the same amount.

4. INVERSION RECOVERY

Two different pulse sequences have been tested exper
tally and compared with the general theoretical analysis.
first sequence emphasizes the aspect of relaxation. Fig
shows the sequence of inversion recovery with echo dete
The desired pathway isq0 5 0 3 q1 5 0 3 q2 5 21 3

3 5 11.

4.1. Phase Cycling

It is impossible to select a desired coherence pathway
a wide frequency range just by careful adjustment of the p
duration. We use phase cycling to reduce the number o
herence pathways that can interfere with the desired s
The phase cycling shown in Table 1 was derived from
phase dependence ofL qk ,qk21 in Eqs. [8] to [16]. To select th
desired coherence pathway, the acquisition phase has to
to w acq 5 ¥ k51

N (qk21 2 qk)w k 5 w 2 2 2w 3. Using this phas
cycling, only the coherence pathways (q1, q2, q3) 5 (0, 21,

1) and (q2, q3) 5 (21, 11) contribute. All other contr-
utions cancel. Note that it is impossible to separate the
emaining pathways by further phase cycling.

.2. Echo Shape

With this phase cycling, the resulting spectrum of the tr
erse magnetization after the third pulse is calculated

FIG. 1. Timing of the inversion-recovery pulse sequence is shown a
top and the desired coherence pathway is indicated at the bottom.
f
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qs. [21] and [22] for the two contributing coherence pathw
nd becomes

Mx 1 iM y 5 L 11,21
~3! L 21,0

~2! eiDv0~t32t2!

2 e2t1/T1L 11,21
~3! L 21,0

~2! ~1 2 L 0,0
~1! !eiDv0~t32t2!.

[23]

For clarity, we have suppressed the diffusion andT2 relaxation
erms for thet 2 and t 3 intervals. Each matrix elementL is
calculated for the parameters of the pulse indicated by
superscript. This expression shows that the echo shape de
on t 1/T1. For perfect 90° and 180° pulses on resonance
[23] reduces to the familiar expression 12 2e2t1 /T1. In Fig. 2,
the signal measured for different values of recovery timet 1 is
compared with the calculated signal obtained from Eq. [23
integration overDv0. There is excellent agreement betw
measurement and calculation.

In both measurement and calculation, the echo is not
tered att 3 5 t 2, but is delayed by at timeDt. This is a spin
dynamics effect caused by the finite pulse width. The pha
one of the three matrix elements appearing in Eq. [23],L21,0,
depends to first order onDv0. The echo amplitude peaks a
time when this phase is canceled by the phase factoreiDv0 (t32t2 ).
This occurs att 3 5 t 2 1 Dt, where

Dt 5
1 2 cos~v1tp2!

v1sin~v1tp2!
, [24]

and tp2 is the duration of the second pulse. When this pulse
nominal 90° pulse, the delay becomesDt 5 2t90/p, in agreemen
with (16). In our measurements, this delay is 15.9ms and exceed
the previously discussed electronic delay due to the finite res
time of the resonant circuit, 4Q/vRF 5 4.8 ms.

4.3. Extraction of T1

We present two different approaches to extract the relax
time T1 from the measurements in strongly inhomogene

TABLE 1
Eight-Step Phase Cycling Used for the

Inversion-Recovery Experiment

Pulse phases

Acquisition phasew1 w2 w3

1x 1x 1x 1x
1x 1y 1x 1y
1x 2x 1x 2x
1x 2y 1x 2y
1x 1x 2x 1x
1x 1y 2x 1y
1x 2x 2x 2x
1x 2y 2x 2y

e
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371DIFFUSION AND RELAXATION IN STRAY FIELD NMR
fields. The first approach is based on the fact that the int
of the echo over the acquisition time corresponds to the
resonance behavior. On resonance, the response is s
given by 12 2e2t1 /T1. We can therefore extract the relaxat
time from the areas of the measured spin echoes wit
exponential fit. This is demonstrated in Fig. 3, using the
shown at the top of Fig. 2. This method requires an acquis
window long enough to capture all of the echo signal. Su
long integration window is not optimal for signal-to-no

FIG. 2. Comparison of measured (top) and calculated (bottom) signa
the inversion-recovery sequence shown in Fig. 1. The sample is water,
with NiCl with a nominalT1 5 110 ms, and measured in the fringefield
1.764 MHz. The measured echoes were recorded fort 1 5 26 ms, 10.5 ms, 22.
ms, 36 ms, 51 ms, 69 ms, 92 ms, 120 ms, 180 ms, 230 ms, and 1 s. Th
parameters aret 2 5 159 ms, t 180 5 50 ms. For the calculated echoes sho
n the bottom, it was assumed that exp{2t 1/T1} 5 0, 0.1, 0.2, . . . , 1.

FIG. 3. Integral of the measured echoes over timet 3 versus delayt 1. The
olid line is the fit of 12 2 exp{2t 1/T1} to the data withT1 5 107 ms.
ral
n-
ply

an
ta
n
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reasons, but this is the consequence of only using the s
close to resonance.

The second approach does not have this limitation and
superior method. It is based on the observation that the s
consists of the superposition of two terms as described in
[23]. Only the second term depends onT1 and on the recove
time t 1. Therefore, if we subtract signals acquired for
different recovery times,t 1 andt*1, the first term is eliminate
It is most convenient to subtract the signal with a long reco
time, t*1 @ T1, from all of the other measurements. In this c
the difference signal is simply given by the second term o
[23]: the amplitude of the difference signal is proportiona
exp{2t 1/T1} and its shape is independent oft 1 andT1. In Fig.
4, this is demonstrated using the data from Fig. 2. The sha

FIG. 5. Amplitude of the difference signal shown at the top of Fig
versus recovery time,t 1. The straight line is a fit to the data withT1 5 107 ms

or
ed

ther

FIG. 4. Difference of the signal witht*1 5 1 s @ T1, from signals with
shorter values oft 1 (shown at the top of Fig. 2) versus time. At the bott
each difference signal is normalized with respect to the amplitude at the
peak. This demonstrates that the shapes of all difference echoes are id
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372 M. D. HÜRLIMANN
the difference signal is indeed independent of recovery tim
shown at the bottom of Fig. 4. It is now straightforward
extract the amplitudes of the difference signal, preferably
a window function that is matched to the shape of the di
ence signal. The amplitudes follow the expected expone
decay as shown in Fig. 5. The extracted value forT1 agree
with the previous determination that was based on the
integrals. Note that this procedure is equally applicable i
strength of the RF is misset or if there is a distribution oB1

values. The shape and overall amplitude of the difference
will be affected, but not the time dependence of its amplit
When theT1 decay is characterized by more than a si
relaxation time, the data can be analyzed using a multie
nential fitting routine. Examples of such fitting routines
given in (17) and references therein.

5. CARR–PURCELL–MEIBOOM–GILL SEQUENCE

5.1. Introduction

The Carr–Purcell–Meiboom–Gill sequence is widely use
well logging (4, 9, 10) and materials testing (5), where the

FIG. 6. Timing of the CPMG sequence used in the experiment.
spacing of the first two pulses is reduced to compensate for the finite
duration as explained in the text. In the experiments, 200 echoes were ac
with pulse durationst 180 5 2t 90 5 50 ms and with different echo spacings,tE,
between 0.40 and 23.85 ms.

FIG. 7. Measurement of the first 10 echoes of the CPMG sequence
he same scale, but offset from each other.
as

h
r-
ial

ho
e

ho
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e
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e

n

magnetic fields are very inhomogeneous. Previous studi
the CPMG sequence in inhomogeneous fields (9, 10) have
shown that the measured decay rate depends both onT1 andT2.
Asymptotic expressions for the echo amplitude in the abs
of diffusion were also obtained (10).

Here we concentrate on the diffusion effects of the CP
sequence in a constant gradient. This has not been stud
detail beyond the first few echoes (9, 10). In well logging,
diffusion effects have been commonly analyzed by assu
that the on-resonance behavior is an adequate approxim
for the total signal decay (18). Our goal is to understan

roperly the off-resonance effects on diffusion.
The timing of the CPMG pulse sequence used in our ex

ment is shown in Fig. 6. The acquisition window is cente
n the middle between subsequent 180° pulses and is 25ms
ong. The initial echo spacing has been optimized totE/ 2 2
2t 90/p. This follows from the analysis leading to Eq. [2
above. This timing maximizes the signal and ensures th
echoes form half way between the 180° pulses. Measurem
were taken with 21 different echo spacingstE ranging from 400
ms to 23.85 ms. For all values oftE, 200 echoes were acquire
For the shortest echo spacing, diffusive attenuation is ne
ble even for the 200th echo, whereas for the longest
spacing, the first echo is already attenuated by more th
order of magnitude. We use a simple two-step phase cyc
the phase of the initial 90° pulse and of the acquisitio
alternated between6x without changing the phase of the 18

ulse. In addition, standard CYCLOPS phase cycling
sed. The sample is tap water with a measuredT1 5 T2 5 2.3

s. In our measurements, relaxation is therefore only a m
effect.

In Fig. 7, measurements of the first 10 echoes are disp
for 8 different echo spacings. For the longer echo spac
diffusion both reduces the echo amplitudes and change
shape of the echoes. For the shortest echo spacing of 40ms,
diffusion is not significant. In this case, the shape of the

e
lse
ired

h a water sample for the echo spacingstE indicated on the right. All echoes are
wit
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373DIFFUSION AND RELAXATION IN STRAY FIELD NMR
is rapidly approaching an asymptotic form independent of
number.

5.2. Spectrum and Echo Shapes

For a quantitative comparison of the data with theory,
have to consider all coherence pathways that contribute t
CPMG echoes and evaluate the spectrum and the diff
attenuation.

With the standard phase cycling for the CPMG, the si
after theNth pulse consists of the superposition of allN-pulse
coherence pathways that start withq1 5 61 and end with
qN 5 11. The phase cycling eliminates the second and
terms of Eq. [22]. A coherence will only contribute sign
cantly to an echo att 5 NtE if the dominant phase factorDv 0

FIG. 8. The spectra of all the coherence pathways that contribute
first four echoes are plotted versus the normalized offset frequency,Dv0/v1.

he solid line shows they channel; the dashed line shows thex channel. Eac
pectrum is labeled on the right with the coherence pathway (q1, . . . , qN). For

the second to fourth echoes, the top spectrum labeled by¥ is the sum of a
spectra that contribute to this echo. The number listed with each spect
h l

(N), the normalized decay rate for unrestricted diffusion defined in Eq.
o

e
he
ve

al

rd

¥ k51 qkt k in Eq. [17] vanishes. For the CPMG sequence,
condition becomes

q1 1 2 O
k52

N21

qk 1 qN 5 0. [25]

Figure 8 shows the spectraMq1 , . . . ,qN511 5 ) k51
N L qk ,qk21 of all

the coherence pathways that fulfill Eq. [25] for the first f
echoes. On resonance, only the direct echoes contribute
the timing adjustment of the first pulse spacing, the spect
all relevant coherence pathways are almost purely in thy-
channel. In a constant gradient, the echo shape is the
nearly symmetric in the time domain.

For higher echo numbers, the number of possible cohe
pathways contributing to a given echo increases exponen
ForN 5 15, there are over 106 such pathways. When diffusio
and relaxation are negligible, the signal is given by the
over all these coherence pathways. As shown in Fig. 8,
remarkable that this sum changes very little from echo to e
even though the individual spectra for the coherence path
change significantly. The experiments for short echo spa
shown in Fig. 7 confirm this observation. An explanation
be found in Ref. (10), where the CPMG was analyzed in ter

f effective rotations.
Under diffusion, each coherence pathway will decay w

ifferent decay rate that is given by Eq. [20] for unrestric
iffusion. The rates depend only through the combina
2DtE

3 on the gradient, diffusion coefficient, and echo spac
It is therefore convenient to introduce a normalized diffu
decay rate,h l

(N), for the l th coherence pathway (q1
(l ), . . . , qN

(l ))
of theNth echo. This is analogous to the approach in Ref.6).

expH2
1

12
h l

~N!g 2g2Dt E
3NJ ; ^exp$i O

k51

N

qk
~l !fk%&f1, . . . ,fN

[26]

The values ofh l
(N) are indicated in Fig. 8 for each cohere

pathway. The pathways with contributions far off-resona
are in general attenuated faster than pathways with con
tions close to resonance.

Using Eqs. [18], [21], and [20], we have calculated the t
spectra of the first 15 echoes for the echo spacings used
experiment by summing the contributions over all poss
coherence pathways. The measured signal corresponds
Fourier transform of the calculated spectrum. In Fig.
representative sample of measured echoes are compare
calculations. The agreement is excellent.

In these plots, the origin of the time axis corresponds to
midpoint between two subsequent 180° pulses. With our m
ified spacing between the first two pulses, all echoes form
to the midpoint between the pulses. Under close inspectio
measurements show the constant delay of 4.8ms caused by th

e

is
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374 M. D. HÜRLIMANN
resonance circuit, as discussed before. The echoes are
symmetric in time, confirming that the out-of-phase contr
tions to the spectra are small.

The first echo is roughly triangular. The later echoes dev
distinct shoulders and oscillations before and after the p
For the longer echo spacings, these features are quickly
uated by diffusion. This is more evident in Fig. 10, where
echoes of Fig. 9 are replotted, normalized with respect t
peak value.

Unlike the later echoes, the shape of the first echo is
affected by diffusion. The reason is that this echo is forme
a single coherence pathway, as shown in Fig. 8. In contras
shapes of the later echoes broaden, and the shoulder
oscillations vanish as the contributions from the higher co
ence pathways decay first. Ultimately, the shape will be d
mined by the mode with the slowest decay, the direct e
whose width scales like=N for large N. This limiting echo
shape is shown as a dashed line on the right-hand side o
10. With sufficient signal-to-noise ratio, it is possible to ext

FIG. 9. Comparison of measured and calculated echoes of the CPMG
tE 5 0.4, 8.35, 10.35, 12.35, 14.35, 16.35 ms; for the 2nd echo,tE 5 0.4, 4.

.35 ms; for the 15th echotE 5 0.4, 1.35, 2.75, 3.75, 4.95, 6.35 ms, res
50 ms.
arly
-

p
k.

en-
e
e

ot
y
he
and
r-
r-
o,

ig.
t

diffusion information directly from the shape of a single ec
For T1 5 T2, relaxation only attenuates the signal amplit
without affecting the shape of the echo. In this case, it
principle possible to extract separately diffusion and relaxa
information from CPMG measurements using a single v
of tE.

5.3. Diffusion Attenuation of Echo Amplitude

The results in Fig. 10 imply that the measured decay rate
to diffusion depends on the detection bandwidth (9). In the
extreme limit when a very narrow bandwidth is used,
resonance effects are irrelevant. The decay is then expec
follow the familiar form of exp{2(1/12)g 2g2DtE

3N}. We
have confirmed this with our data. A narrow bandwidth
obtained by integrating each echo over a time interval th
much longer thant 180. In our experiments, the acquisiti
window for each echo is just over 5t 180 long. In Fig. 11,we plot
the integrals of the measured signal over the whole acqui

equence for the 1st, 2nd, 5th, and 15th echoes in a constant gradient. Fo
6.35, 8.35, 10.35, 12.35 ms; for the 5th echotE 5 0.4, 2.35, 3.75, 4.95, 6.3
tively. The vertical scale is identical for all graphs. In the measurement 180 5
s
35,
pec
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375DIFFUSION AND RELAXATION IN STRAY FIELD NMR
window versusg 2g2DtE
3N/12. Within experimental error, th

measurements collapse onto a single line that coincides
the expected on-resonance decay. In Fig. 11, we have cor
for the small decay due to relaxation, exp{2NtE/T2}.

When a different window function is used to improve
nstance the signal-to-noise ratio of the extracted amplitu
ther coherence paths contribute and a nonexponential
ill be observed. With a general window function,w(t), the

extracted echo amplitude from the measured signal of theNth
echo,sN(t), is given by

A ~N! 5
* dt sN~t!w~t!

@* dt w~t!w* ~t!# 1/ 2 . [27]

he echo amplitudeA(N) has in general contributions fro
many different coherence pathwaysl . To highlight the effect o
diffusion, we factor out the diffusive decay and writeA(N) as

A ~N! 5 O
l

a l
~N!expH2h l

~N!
1

12
g 2g2Dt E

3NJ . [28]

FIG. 10. Comparison of measured and calculated echo shapes vers
its peak value. The dashed lines indicate the asymptotic echo shapes
ith
ted

s,
cay

The amplitudeal
(N) characterizing the contribution from a p-

icular pathway (q1, . . . , qN) is independent of diffusion b
depends on the window function. It can be calculated from
spectrum of this coherence pathway,Mq1 , . . . ,qN(Dv 0) defined
by Eq. [17], and the Fourier transform of the window funct
w̃(Dv 0):

al
~N! 5

* dDv0 Mq1, . . . ,qN
~Dv0!w̃~Dv0!

@* dDv0 w̃~Dv0!w̃* ~Dv0!#
1/ 2 . [29]

For optimal signal-to-noise ratio, the signal should be
lyzed with a filter that matches the expected signal sh
w(t) 5 ^s*N(t)&. This is difficult to implement in practic
because the expected signal shape varies from echo to ec
depends on the diffusion coefficient. The diffusion coeffic
of the sample is often unknown and a quantity to be meas
For this reason, we propose to use the shape of the asym
echo in the absence of diffusive attenuation as a near op
window function for all echoes. This shape depends onl
the pulse width and can be calculated from the simple as

time. The data are the same as in Fig. 9 but each echo is normalized w
n only the contribution of the direct echo (with least diffusive attenuatiremains
us
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376 M. D. HÜRLIMANN
totic expression given in Ref. (10), or alternatively, it can b
etermined experimentally from measurements with short
pacing.
The calculated amplitudes,al

(N), for this window function ar
plotted in Fig. 12 as a function of the normalized decay
h l

(N), for the first 15 echoes. The information presented in
12 is sufficient to calculate the expected echo amplitude fo
value of gradient, diffusion coefficient, or echo spac
through Eq. [28]. The first echo has only a contribution fro
single coherence path, but with increasing echo numberN, the
number of contributing coherences increases very rapidly
contribution from the direct echo pathway withh 5 1 de-
creases as more complicated pathways with higher decay
start to contribute. For a given echo number, the norma
decay rates are bounded by 1# h l

(N) # N2. The amplitude
tend to be a maximum nearh . 1 and tend to decrease
higherh. Note that some of the amplitudesal

(N) are negative
The dependence of the contributions for the first three co
ence pathways versus echo number is shown in Fig. 13
first coherence pathway corresponds to the standard ec
resonance. In the second and third coherence pathway
magnetization is stored along thez direction for one or tw
consecutive echo spacings, respectively, otherwise th
pulses act as refocusing pulses (see Fig. 8). The sum
amplitudes¥ l al

(N) for a given echo is nearly independent oN
after the third echo; the fluctuations are less than 0.25%.
is consistent with the earlier observation that in the absen
diffusion; the echoes quickly approach an asymptotic
(10).

In Fig. 14, we plot the experimental echo amplitudes,
tracted from the measured signal by filtering it with the
ymptotic echo shape without diffusion, versus the dimens
less quantity(1/12)g 2g2DtE

3N. The echo amplitudes have be
corrected for the smallT1, T2 decay, as discussed before.
observe again excellent agreement between experimen

FIG. 11. Integrals of the measured echoes over the total acqui
window versus(1/12)g 2g2DtE

3N. Within experimental error, the integrals
all 200 echoes and 21 echo spacings fall onto the on-resonance decay
shown as a solid line.
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theory. The first echo decays exponentially with the on-r
nance decay rate of the direct echo. The overall amplitu
reduced because the window function used is not match
the first echo. The amplitude decays of the second and h
echoes are clearly multiexponential.

n

rve,

FIG. 12. Calculated amplitudes,al
(N), versus the normalized decay ra

h l
(N), for the first 15 echoes as given by Eq. [28]. The window functionw(t)

was chosen to be the asymptotic echo shape in absence of diffusio
distributions are plotted on the same vertical scale, but offset from each
The dashed line shows an upper bound for the decay rate,h l

(N) # N2.

FIG. 13. Amplitude al
(N) of the contributions by the first three cohere

pathways to the echo amplitude versus echo numberN. Also shown is the sum
of all amplitudes that contribute to a given echo,¥ l al

(N), versus echo numbe
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377DIFFUSION AND RELAXATION IN STRAY FIELD NMR
The calculated decay curves for the 4th to 15th echoe
almost indistinguishable, the predicted amplitudes de
from each other by less than 6% over the displayed range
experimental results for the 4th to 200th echoes are all pl
on the same graph in Fig. 14. Within experimental uncerta
all the data collapse onto a single line that is identical to
calculated decay for the 15th echo. This was not anticipat
indicates that even though the decay for the higher ec
shows a strong deviation from the on-resonance behav
still depends only through the combinationg2DtE

3N on gradien
strength, diffusion coefficient, echo spacing, and echo num
This implies that with increasingN, the distributions shown
Fig. 12 will not change significantly anymore. It will approa
a continuous asymptotic distribution with a maximum clos
h 5 1 and a tail extending to larger values ofh. With the
present theoretical approach, it is difficult to verify this dire
by numerical calculations. The calculations cannot be exte
to much higher values ofN, because the number of possi
coherence pathways diverges.

The amplitudesal
(N) shown in Fig. 12 were calculated fo

fixed value of theB1 field. When theB1 field over the samp
is characterized by a distribution ofB1 values, these amplitud
will change, but not the normalized decay rates,h l

(N). In this
case, the asymptotic shape of the echo amplitude decay i

FIG. 14. Echo amplitude versus(1/12)g 2g2DtE
3N for the CPMG sequ

obtained by filtering the measured echoes using the asymptotic echo sh
adjustable parameters. The upper dashed line shows the expected on-
first echo amplitude decays exponentially with a rate identical to the on
decay. After the third echo, the echo amplitudes collapse onto a single
re
te
he
ed
y,
e

. It
es
it

er.

o

ed

ig.

14 has to be redetermined for the particular experim
condition. It is also common to encounter samples with m
tiple components that have different diffusion coefficients.
possible to extract the diffusion coefficients by fitting
CPMG decay to a multiparameter function, similar to the u
multiexponential fits (17). However, in this case, the expon
ial kernel function has to be replaced by the asymptotic d
hown in the bottom right panel of Fig. 14.

6. CONCLUSION

The excellent agreements between calculated and mea
responses in Sections 4 and 5 demonstrate that the t
presented in Section 2 accurately describes the spin dyn
in inhomogeneous fields, including diffusion and relaxa
effects. This approach is based on dividing the signal
contributions from all possible coherence pathways. We
shown that changes in the phase of the RF pulses only c
the overall phase of the spectrum of each coherence pat
In grossly inhomogeneous fields, phase cycling therefor
mains an effective means to select desired coherence path
It is useful to isolate specific coherence pathways, becaus
attenuation caused by diffusion and relaxation is unif
across the spectrum of a given coherence pathway, b

e and unrestricted diffusion. The circles and dots are the experiment
in the absence of diffusion. The solid lines show the theoretical calculans with no

onance behavior. The lower dashed line shows the theoretical curve foN 5 15. The
sonance case whereas the higher echo amplitudes have a distinctly nonentia
e within experimental error.
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378 M. D. HÜRLIMANN
general different from one pathway to the next. If a sin
coherence pathway is isolated, relaxation and diffusion d
affect the shape of the signal, only its amplitude. The rele
parameters can then be extracted quantitatively from the d
of the measured amplitudes. With a single coherence path
the decay is independent of detection bandwidth. This
proach was demonstrated for the case of inversion recov
Figs. 4 and 5.

In the analysis of this sequence, we have also studie
effect of finite pulse width on the timing of the echo formati
It was shown that the echo is delayed by some timeDt given
by Eq. [24]. This time can be reinterpreted in the follow
way: The period of free precession following a 90° pulse d
not start at the end of the pulse, but effectively at a time 2t 90/p
earlier. For this reason, the first pulse spacing in the CP
sequence has to be reduced by the same amount.

In the CPMG sequence, many coherence pathways co
ute. It would be in principle possible to devise a phase cyc
scheme that selects contributions from only a few coher
pathways at each echo. However, this would require a
number of phase cycles and therefore a long acquisition
In addition, it would lead to a signal reduction, because
different coherence pathways mainly interfere constructive
the time of the echo. The superposition of many coher
pathways complicates the calculation of diffusion effects
expected, in this case diffusion does not only change
amplitude, but also the shape of the higher echoes. We ar
to calculate the shape in details for up to 15 echoes an
excellent agreement with the measurements. Echo ampl
have been extracted using as filter the asymptotic echo
without diffusion. We find that the echo decay due to diffus
in a fringefield of constant gradientg is faster than given by th
familiar form of exp{2(1/12)g 2g2DtE

3N}. This is caused b
ignal coming from regions away from the center of the exc
lice where contributions from other coherence pathway
ay faster than the on-resonance signal. More surprisingl
ound both experimentally and numerically that to a g
pproximation, the diffusion decay still scales withg 2g2DtE

3N
or N . 3. This implies that in inhomogeneous fields, it is
ossible to extract the diffusion coefficient from the amplit
ecay of CPMG measurements with different echo spac
owever, the decay has to be analyzed with a kernel that
imply a single exponential, but with a multiexponential fu
ion corresponding to the asymptotic distribution in Fig.
he exact shape of the kernel depends on the filter us
xtract the echo amplitudes.
This analysis of the CPMG sequence in terms of coher

athway complements an earlier analysis of the CPMG10)
hat is based on the evaluation of the eigenvectorsn̂ of the
efocusing cycle. The present analysis is able to take acco
iffusion effects, but is limited to a relatively small numbe
choes. The approach in (10) can be used to calculate the sig

or an arbitrary number of pulses, but it is not able to incl
iffusion effects.
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